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( Abstract 

£Nj \ The Trudinger-Moser inequality states that for functions u £ HQ' n (Cl) (CI C K n a bounded 

domain) with L |Vu| n dx < 1 one has J fi (e Q "' u '" 1 — l)da; < c\Cl\, with c independent of u. 
Recently, the second author has shown that for n = 2 the bound c |fi| may be replaced by a 
uniform constant d independent of Cl if the Dirichlet norm is replaced by the Sobolev norm, 
["T i ■ i.e. requiring Jq(\Vu\" + \u\ n )dx < 1. We extend here this result to arbitrary dimensions 

n > 2. Also, we prove that for Cl ~ M. n the supremum of L„( eQ! ™' u ' ™ _I — l)dx over all such 
functions is attained. The proof is based on a blow-up procedure. 
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^ ■ 1 Introduction 

O ' 

Let Hq' p (Q), ClOW 1 , be the usual Sobolev space, i.e. the completion of Cq°(CI) with the norm 



c3 



u\\m-p(n) = / (|Vn| p + \u\ p )dx 



It is well-known that 



Hq' p (CI) C L^(Cl) if l<p<n 



■ H^ P (C}) C L°°(n) if n<p 



The case p = n is the limit case of these embeddings and it is known that 

fl"o ,n (fi) C L q (Ct) for n<q< +oo. 

When CI is a bounded domain, we usually use the Dirichlet norm = (J* |Vw| n dx)™ in 

place of || • Hif-i.n. In this case, we have the famous Trudinger-Moser inequality (see [P], [T], |Mj ) 
for the limit case p = n which states that 

/. _a_ f < +oo when a < a n 

(e"!"!- 1 -i)dx = c(Cl,a)\ (1.1) 
„ „,.. .- n [ = +oo when a > a n 

i 

where a n = noj"z\ , and w n _i is the measure of the unit sphere in M n . The Trudinger-Moser 
result has been extended to Sobolev spaces of higher order and Soboleve spaces over compact 
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manifolds (see PQ, [Fb]). Moreover, for any bounded Q, the constant c(0, a n ) can be attained. 
For the attainability, we refer to [HT] . [F], [Lmj, [TT], |L2j, jH-d-Rj . [TB| . 

Another interesting extension of (|1-1|) is to construct Trudinger-Moser type inequalities on 
unbounded domains. When n = 2, this has been done by B. Ruf in [E]. On the other hand, for 
an unbounded domain in R n , S. Adachi and K. Tanaka ( |A-T| ) get a weaker result. Let 

n ' 2 to 
i=i J ' 

S. Adachi and K. Tanaka's result says that: 

Theorem A For any a G (0, a n ) there is a constant C(a) such that 

I I \\ u \\ n 
*(a(,j=- P )^)dx<C(a) .._ , /or « G ff^E") \ {0}. (1.2) 

In this paper, we shall discuss the critical case a = a n . More precisely, we prove the 
following: 

Theorem 1.1. There exists a constant al > 0, s.t. for any domain O C W 1 , 

sup / ^{a n \u\^)dx < d. (1.3) 



ue.ff 1 . n (fi),|]u|] H i,„ mi <i*' n 



The inequality is sharp: for any a > a n , the supremum is +oo. 
We set 

S= sup / &{a n \u\ n ~ 1 )dx. 

ueH^ n (R n ),\\u\\ H i :n(ttn) <lJ R« 

Further, we will prove 

Theorem 1.2. S is attained. In other words, we can find a function u G H 1,n (W l ), with 
IMIifi.™(R») = i> s -t- 

S = $(a n \u\^)dx . 

J R" 

The second part of Theorem II. II is trivial: Given any fixed a > a n , we take j3 G (a n , a). By 
(jl.ljl we can find a positive sequence {uk} in 



such that 



{u G ff 1,n ( B i) : / |Vu| n dx = 1}, 

/ n 
e^r" 1 = +oo. 



By Lion's Lemma, we get Uk —r 0. Then by the compact embedding theorem, we may assume 
ll n fc||LP(Bi) — > for any p > 1. Then, J R „(|Vn fc | n + |u fc | n )dx — > 1, and 

iFfcllir 1 .* 1 
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when k are sufficiently large. So, we get 



$(a(-ii — rf )"~ 1 )dx> lim / (e pu k -l)dx = +oc. 



The first part of Theorem 11.11 and Theorem 11.21 will be proved by blow up analysis. We will 
use the ideas from |Llj and |L2j (see also |A-M| and |A-D| ) . However, in the unbounded case 
we do not obtain the strong convergence of u k in L n (M n ), and so we need more techniques. 

Concretely, we will find positive and symmetric functions u k £ H ' n (Bji k ) which satisfy 



f (\Vu k \ n + \u k \ n )dx = 1 



and 

/ ^(P k u^~ 1 )dx= sup / <5>(f3 k \v\~^)dx. 

J B Rk r (|Vt,|»+|«|»)=l, v£Hl> n {B Rk )J B Rk 

Here, f3 k is an increasing sequence tending to a n , and R k is an increasing sequence tending to 
+oo. 

Furthermore, u k satisfies the following equation: 



where \ k is a Lagrange multiplier. 

Then, there are two possibilities. If c k = maxu k is bounded from above, then it is easy to 
see that 

/ ft R n ~ 1 1l n r n (T n_1 7/ n 

(SOW 1 ) " 77—^ )dx = / - t^-ttt)^ 

71 

where u is the weak limit of u k . It then follows that either J* Rn ^{(3 k u^~ 1 )dx converges to 
J Rn $(a n ««-i)da;, or 

a n ~ l 
S < -r— — ^ 



(n-1)! 

If Cfc is not bounded, the key point of the proof is to show that 



n 



n 



-PkC k 1 {u k {r k x) - c k ) -> -nlog(l + c n r«-i) 



locally for a suitably chosen sequence r k (and with c n = ( Wn n 1 ) "- 1 ), and that 

cpn fc -► G , 

on any Q CC M n \ {0}, where G is some Green function. This will be done in section 3. 
Then, we will get in section 4 the following 
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Proposition 1.3. If S can not be attained, then 



,„n— l 

S < min{ 



a n Vn-l a tt A+l+l/2+-+l/(n-l)i 



(n — 1)! n 
where A = lim(G(r) + ^- logr n ). 

So, to prove the attainability, we only need to show that 

„,n— 1 , . 

S > min {^2^, ^VnA + l + l/2 + ...+l/(n-l) } _ 

(n — 1)! n 

In section 5, we will construct a function sequence u t such that 

/ ^(a n uf I )dx > <±zl e a n A + l+l/2+.- + l/(n-l) 

J M n « 

when e is sufficiently small. And in the last section we will construct, for each n > 2, a function 
sequence u e such that for e sufficiently small 



Ji» (n - 1) 



(n-1)!' 

Thus, together with Ruf's result of attainability in RJ for the case n = 2, we will get 
Theorem 11.21 

2 The maximizing sequence 

Let {Rk} be an increasing sequence which diverges to infinity, and an increasing sequence 
which converges to a n . By compactness, we can find positive functions Uk £ H^' n (Bji k ) with 
J Bj? (\Vu k \ n + u£)cfx = 1 such that 



^{(3kUl~ x )dx = sup / ${p k \v\*-i)dx. 



B Rk J Br (|Vt,|»+|«|»)=l, veHfr n (B Hh ) J B Rk 



Moreover, we may assume that J Rn $>((3ku£ 1 )dx = J Br ^(PkU^ 1 )dx is increasing. 

Lemma 2.1. Let as above. Then 

a) Uk is a maximizing sequence for S; 

b) Uk may be chosen to be radially symmetric and decreasing. 

Proof, a) Let r\ be a cut-off function which is 1 on B\ and on W 1 \ B2. Then given any 

if e F 1 '"(R n ) with f Rn (\V<p\ n + \tp\ n )dx = 1, we have 



r n (L):= [ (iVnij)^ + \n(jM 



)dx — ► 1, as L-» +00. 



Hence for a fixed L and -Rfc > 2L 



B L T \ L ) J B 2L T \ L ) 
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By the Levi Lemma, we then have 

/ ${a n \^f-\^)dx < lim / ^ k ur~ 1 )dx. 

J B L T{L) k^+ooj R n 

Then, letting L — > +00, we get 

/ <£>(a n \(p\^)dx < lim / ^((5 k u^)dx. 

Hence, we get 

lim / &(f3 k u k *~ 1 )dx = sup / ^{a n \v\^= l )dx. 

k^+ooj K „ ' /mn (I Vv|"+|t;|™)=1, reH 1 '"^") ^ M™ 

b) Let tt^ be the radial rearrangement of u k , then we have 

rl:= [ (\Vut\ n + ul n )dx< [ (\Vu k \ n + ul)dx = l. 

It is well-known that T k = 1 iff u& is radial. Since 

/ <S>{(3 k u* k ^)dx = f ^ k uf T )dx, 
Brt k BR k 

we have 

/II* n [' n 

HPk(^) — )dx> / $({3 k u^)dx, 
B Rk T k J B Rk 

and "= " holds iff r k = 1. Hence r k = 1 and 

/ <I>(/3fci4~)<ix = sup / 

J B Rk ' J s (|V«|» + H»)=1, veH^ n (B Rk )J B Rk 

n k 

So, we can assume u k = u k (\x\), and u k {r) is decreasing. 

Assume now u k —r u. Then, to prove Theorem 1.1 and 1.2, we only need to show that 
lim / &(f3 k u k *~ 1 )dx = / §(a n u~^)dx. 

3 Blow up analysis 

By the definition of u k we have the equation 



1 n 
n—l fct { Q I1 , n—1 ' 



-div\Vu k \^Vu k + u n k ~ 1 = "fc^OW 
where X k is the constant satisfying 

/ n n 
u^-^'iPkU^^dx. 
B *k 

First, we need to prove the following: 



Lemma 3.1. inf X k > 0. 

k 



Proof. Assume — ► 0. Then 

r r n n 

/ u n k dx <C uZ- 1 &(0 k u}f l )dx < C\ k -» . 

Since u&(|a;|) is decreasing, we have u^(L)\Bl\ < < 1, and then 

Ti 

u k {L) < — . (3.2) 
Set e = - n Ln . Then u k (x) < e for any x £ Bl, and hence we have, using the form of 3>, that 

/ <S>(0 k uf*)dx <C [ u^dx <CX k ^0 . 
And on Bl, since u k — > in L q (BL) for any q > 1, we have by Lebesgue 



/ ri /• n n P n 

QiflkuZ-^dx < lim / Cu;- 1 ^'(/3 k u;- 1 )dx+ / ^{f3 k u^ 1 )d 
B L k^+oo y Bl J {x£B L :u k {x)<l} 

< lim CX k + / <f>(Q)dx 

k^+oo J B 



= 0. 

This is impossible. 

We denote c k = maxu k = u k (0). Then we have 

Lemma 3.2. If supc/% < +oo ; then 
k 

i) Theorem 1.1 holds; 

ii) if S is not attained, then 

a n ~ l 
S< " 



□ 



(n-1)! 



Proof. If sup fc Cfc < +oo, then u k — > u in C/ oc (]R n ). By ()3.2j) . we are able to find L s.t. Mfc(x) < e 
for x ^ -B^. Then 



/ (SOfl^- 1 )- 7* * )dx<C ul^dx<Ce—~ n \ u n k dx<Ce—- 

J R n \B L [n — L)l J M. n \B L J E n 

Letting e — > 0, we get 



R" rc (n - 1)! J R u (n - 1)! 



Hence 



lim / ^((3 k u{' 1 )= f $(a ra n^)cfa; + lim / « - u n )dx. (3.3) 

I» " J R™ (n — 1)! Ai^+oo J R „ 
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When u = 0, we can deduce from (|3.3|) that 



S < 



a 



n-l 



(n-l)! 



Now, we assume u^O. Set 



T n = lim 

fc— >+oo 



11% dx 



u n dx 



By the Levi Lemma, we have r > 1. 
Let tt = u(-). Then, we have 



and 



Then 



/ \Vu\ n dx= [ \Vu\ n dx< lim / \Vu k \ n dx, 



u n <ix = T n I u n dx = lim / n^dx. 



/ (|V-u| n + u n )dx < lim / (\Vu k \ n + u n k )dx = 1. 
Hence, we have by (|3.3|) 



S > <J>(a n £t"-i)cfe 

7 R« 

n 

$(a n M"- 1 )dx + (r n - 1) 



a 



n-l 



n „ .n 



(n-l) 



+ (r n -l)/ ($(a„u^; 



a 



n-l 
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(n-l): 



u n )dx 



lim / ^ k u-- 1 )dx + (r n -l) ^{a n u^) - 

k^ + ooj R n ' J R n (n— 1J! 

S+(r n -l) ma n u—" n ~ n 



v n-l 



(n-l) 



Since $(a n u™- 1 ) — > 0, we have r = 1, and then 



So, u is an extremal function. 



From now on, we assume c k 
We define 



$(a„«"-' )dx. 



□ 



+oo. We perform a blow-up procedure: 
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By (|3.2|) we can find a sufficiently large L such that u k < 1 on M n \Bl. Then 



/ |V(n fc -^(L))+rdx<l 



and hence, by (jl.lj) . we have 



3 a T ,[(u, k -M fc (L))+]™=T <Q(T\ 



Clearly, for any p < a n we can find a constant C(p), s.t. 

pn fc "- < « n [K - u k {L))+}—^ + C(p), 



and then we get 



Bl 



e pu * dx<C = C(L,p). 



Hence, 



\ k e 2 c k 



Pk „n- 

e 2 c fe 



/ n n /" 

ur i * / (/3fc«r 1 ) da? + / 7 



< C 



l n \B L 



u k dx e ' + / e2 u k u£ 1 dx. 



Bl 



f 3 k _n- 



Since converges strongly in L q {Bi) for any g > 1, we get < Ce 2 c fc ( and hence 



Now, we set 



n 

v k (x) = u k (r k x), w k {x) = jPkCu' 1 (vk ~ Cfc), 

n — l 



where and u>fc are defined on Q k = {x E M n : r^x £5i). Using the definition of rj? and (|3,lj) 
we have 

1 

n — l n rt 

-dw\v Wk r 2 vw k = !V(^-/ 3jfc )"- i e ^(-r T -r T ) + o^). 

By Theorem 7 in 0, we know that oscB R u k < C(R) for any i? > 0. Then from the result in 
[T] (or [D]), it follows that < C(R). Therefore w k converges in C\ oc and v k — c k — > 

in C, 1 



/oc" 

Since 



,5=1 -L_ Ufc ~ Ck \~^ - -^=i/i ■ ^ Vfe-Cfc 

'fe — c fc v 1 



n n 

we get /3fc(v^ _1 — c^ _1 ) — ► u; in C^ c , and so we have 







K n — 1 Cfc 



+ 0(3)), 



n — l 



(3.4) 



S 



with 

w(0) = = maxra. 

Since u is radially symmetric and decreasing, it is easy to see that (|3.4|) has only one solution. 
We can check that 

n f 
w(x) = — nlog(l + c n \x\ ), and / e w dx = l, 

J R n 

where c n = { u>n t T 1 ) n ~ 1 • Then, 

71 

/U"' 1 ~ =1 f 
Jt— e P kU k dx = lim / e w dx = 1. (3.5) 



For A > 1, let u£ = minjufc, ^}. We have 
Lemma 3.3. For any A > 1, there holds 



limsup/ (|V^| n + |^r)dar<i (3.6) 



Proof. Since |{x : > %}| |%| n < A- > £fci ujj < 1, we can find a sequence pj; — ► s.t. 



{x : u k > ^} C # Pfc . 



Since converges in L P {B\) for any p > 1, we have 



lim / \u^\ p dx < lim / u p k dx = 0, 



and 



'J i» A 



lim / (ufc r) + iff„dx = 



for any p > 0. 

Hence, testing equation ()3.1|) with {ui. — we have 



i 
i 

i' n — l n 

> / (« fc -^) + ^— e^*«* dir + o(l) 
JB irfc A A fc 

= / ~ ^M ( !^£fe + ^e^-Ki^ + o(1) . 



Hence 

hminf / f |V(« fc - ^)T + («* - > / e w dx. 

k^+co J Rn \ A A A J Bl 
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Letting L — > +00, we get 

A-l 



A 

Now observe that 

/ (\v4r + \4ndx = 1-/ (ivK-^+r+K-^r 1 )^ 

+ / K - ^J+ujJ^dx - / u£dx + / \u£ \ n dx 

< l-(l-i)+ (l). 

Hence, we get this Lemma. 



Corollary 3.4. PFe have 

lim / (|Vu fc p + u£)da; = 

for any 5 > 0, and then u = 0. 

Proof. Letting A — > +00, then for any constant c, we have 



'{u k <c} 

So we get this Corollary. 
Lemma 3.5. We have 



I av« fc r+«2)ds-o. 

J lut<c> 



□ 



□ 



lim / ^(Pkuf 1 )dx < lim lim / (e Au ^ - \)dx = limsup (3.7) 
and consequently 



► +00 , and sup — < +00 . (3.8) 



Proof. We have 

G^u^dx) < <S>{f3 k u^)dx + &{P k u^)dx 

R» J {«fc<^} ■/ {«fe>D 

n 

/\ z 1 „. n — 1 n 

<&(/3 fc ( u £)^)<fe + ^^t / -J^c&'^uf 1 )^ . 
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Applying (|3.2|) . we can find L such that u k < 1 on M n \ Then by Corollary 13.41 and the 
form of <£, we have 



lim / <$>{pf3 k (u%)^)dx < lim C(p) / = (3.9) 

for any p > 0. 

Since by Lemma f3.3l lim sup J K n(|Vu^| n + \u^\ n )dx < -4 < 1 when A > 1, it follows from 

A— >+oo 

(JEU) that 

/ n 
eP %((^-« ft (L))+)n-l dx < +QO 

for any p' < A'^ =l . Since for any p < p' 
we have 

sup / <f>(p(3 k (u k )^)dx < +oo (3.10) 

k J B L 

l 

for any p < A™- 1 . Then on Bl, by the weak compactness of Banach space, we get 



fc— M-oo _ 

Hence we have 



lim / §{fl k {u^)^)dx = / $(0)dx = 

-*+°°J Br, J Br. 



/ n n \ r u™- 1 _n_ 

9(J3 k uJT 1 )dx < lim lim A^ / -^—^'{^u^-^dx + Ce 



lim ,4^^- + Ce. 

fc— „ra-l 



As A — > 1 and £->0we obtain (|3.7|l . 

n 

If ^ was bounded or sup k Xk = +oo, it would follow from 1)3. 7 j) that 



A' 



/ M n(|VD|" + |^|")dx=l,-!;eif" 1 ."(R") 

which is impossible. 



sup / &(a n \v | )dx = 0, 

'1f/x=l.nPfl' 1 ."('R™~l ■/ M" 



□ 



Lemma 3.6. We have that c k U \ k &(f3 k u k converges to 5q weakly, i.e. for any ip G 2?(IR n ) 
we have 



i 

. n— 1 



lim / ^ Cfe -^_$'( / 3 fe ^- 1 ) c i x = V9 (0). 
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Proof. Suppose supp (p C B p . We split the integral 



i 

f v c jvfL& {(3kU ft )dx < f ... + f ... + f 

J B p *k J {u k >^-}\B Lrk J B Lrk J {u k <^-} 



= ii+h+h 

We have 



ur 1 



l n \B L r k X k J B L 



h < AMco I -±-&(p k u^)dx = A\\<p\\ c o(l- I e w * + °Vdx), 

and 



h = I ^r k x) Ck{Ck + ( \_ Cfc)) " -1 e w *+°V>dx = <p<0) [ e w dx + o(l) = p(0) + o(l) . 



By (JSSJ) and (ETTUl) we have 



J E" 



for any p < A™- 1 . We set | + | = 1. Then we get by {3.8)1 



i 

/ti" — 1 - Cf. 1 . i 

<p (Pku^dx < Y-y\\co || l «(k») He^l^HiPCBn) -»0. 



Letting L — > +oo, we deduce now that 



i 



lim / ¥ ,£^*_^ fcti ^- 1 )da: = ¥ >(0). 



□ 



Proposition 3.7. On any fl CC M n \{0}, we have that c£ x ua; converges to G in C l (Q), where 
G € C^°(R n \ {0}) satisfies the following equation: 

-div\VG\ n - 2 VG + G 11 - 1 = 5 . (3.11) 

i 

Proof. We set U k = c£~ 1 u k , which satisfy by (|3.1j) the equations: 

i 

-div\VU k \ n - 2 VU k + U^ 1 = ^Ll&(p kU f-i) . (3.12) 



For our purpose, we need to prove that 

[ \U k \ q dx<C( qi R) , 

J B R 
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where C(q, R) does not depend on k. We use the idea in [HI] to prove this statement. 
Set Q t = {0 < U k < t}, U{ = min{U k ,t}. Then we have 



i 

. n— 1 



[ (\vuir + \uindx< [ (-uiAnUk+uiu^ 1 )-- ,, 

Let r\ be a radially symmetric cut-off function which is 1 on Br and on B^. Then, 

f \Vr]U{\ n dx < Ci(R) + C 2 (R)t. 

J B 2R 

Then, when t is bigger than {S^y, we have 

/ \Vr]Ul\ n dx < 2C 2 (R)t . 

J B 2R 

Set p such that Uk{p) = t. Then we have 

inf { f \Vv\ n dx : v e H^ n {B 2R ) and v\ Bp = t \ < 2C 2 (R) t . 

U B 2R J 

On the other hand, the inf is achieved by — t log Jj^r / log . By a direct computation, we have 

in— 1 



(l og M)n-l " 2 ^ > 



and hence for any t > §^77^ 



|{x G £ 2R : U k > t}\ = \B p \ < C 3 (R)e- A ^ 1 , 
where A(R) is a constant only depending on R. Then, for any 5 < A , 

/oo 00 
Br n m=0 



B B m=0 

Then, testing the equation (|3.12j) with the function log fjjrgwf > we 

iv[/ fc r 



/b,(1 



r/.r 



< log 2 



c fc u fe 



1_ 

n-1 



Br A fc 

Given g < n, by Young's Inequality, we have 

|W fc | 



\VUi.\ q dx < 



< 



B R lO- + U k - U k (R))(l + 2U k - 2U k {R)) 

' |Wfc| n 

BR [(1 + U k - U k (R))(l + 2U k - 2U k (R)) 



! l+f^)). 



+ ((l + ^)(l + 2C/ fc ))- 
+ Ce Wfc </.r. 
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Hence, we are able to assume that U k converges to a function G weakly in H 1 ' p (Br) for any R 
and p < n. Applying Lemma 13.61 we get 1)3.11 J) . 

n ^ 

Hence U k is bounded in L q (£~l) for any q > 0. By Corollary 13.41 and Theorem A, e^ fc "fc is 
also bounded in L 9 (f2) for any q > 0. Then, applying Theorem 2.8 in jS], and the main result 
in [Tj (or [D]), we get ||^fc||c 1 - c, (n) — C. So, U k converges to G in C 1 (f2). 



For the Green function G we have the following results: 
Lemma 3.8. G G C^(R n \ {0}) and near we can write 



here, A is a constant. Moreover, for any 5 > 0, we have 

lim f (| VcjpitfcP + (c^u k ) n )dx = [ (\VG\ n + \G\ n )da 

fe^ + OO J K n\ B4 J M n \B S 

= G(6)(l - [ G^dx). 

J Bx 



Then, we get (l3~T3l . 

We have 



/, 



Recall that U k G H^ n {B Rk ). By equation (l3~T2l we get 



□ 



G= -— log r n + ,4 + <3(r n log™ r) ; (3.13) 



Proof. Slightly modifying the proof in |K-L| . we can prove 

G = — log r™ + ,4 + o(l). 

One can refer to )L2j for details. Further, testing the equation 1)3.12)1 with 1, we get 

iG'(r) n ~V n - 1 = f \VG\ n - 2 ^- = l- [ G n ' l dx = 1 + 0(r n log™" 1 r). 
J dB r on J Br 



u^' 1 ^'(Au^- 1 )dx<C uldx -> . (3.14) 

n \B s " J R"\Bg 



n 

(\VU k \ n + U%)dx = -\- / u-^'ihu-^dx - / -^l\VU k \ n - 2 U k dS. 

R n \B s A fc J R n \Bx J dB s On 



l n \B s A k J U n \B s 

By (gUD) and (jUSJ) we then get 



lim / (|VC/ fc r + C/^)dx =- lim / ^±\VU k \ n ~ 2 U k dS 

= -G(S) [ ^-\VG\ n - 2 dS 
J 8B S on 

= G(5)(l - [ G n - 1 dx). 

J Bx 
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□ 



We are now in the position to complete the proof of Theorem 1.1: We have seen in (|3.9j) 
that 



J 1™\Bb 



l n \B R 

So, we only need to prove on Br, 

/ n 
e^^dx < C 
Br 

The classical Trudinger-Moser inequality implies that 

71 

e A(K-« fc (i?))+)-i dx<C = C ( R y 

B R 

By Proposition 13.71 Uk{R) = 0( — h—), and hence we have 

k 

71 n . n 

u^- 1 < (K - u k (R)) + + u k (R))—^ < {{u k - u k {R)) + )—^ + Ci, 

Then, we get 



e 

Br 



a . n — 1 , 



□ 



4 The proof of Proposition 11.31 

We will use a result of Carleson and Chang (see jC-Cj ) : 

Lemma 4.1. Let B be the unit ball in W 1 . Assume that u k is a sequence in Hq ,ti (B) with 
j B \Vu k \ n dx = 1. If u k —r 0, then 

/n 
(e""!"^ - l)dx < \ B \e 1+1 l 2+ - +1 ^ n - 1 \ 
B 

Proof of Provosition Vn^ Set u' k {x) = ^jv«]~if^p which is in HQ n (B$). Then by the result 
of Carleson and Chang, we have 

/ n 
e Pku' k ^ < 1^1(1 + e 1 + 1 /2+-+l/(n-l) ) . 

By Lemma 13.81 we have 

f {\Vc£*u k \ n + {cj?*u k ) n )dx^>G(S)(l- f G n - l dx) , 

J R n \B s J B s 
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and therefore we get 

(\vuk\ -|- u k )ux — i u k ax = i — 



[ \Vu k \ n dx = l- [ {\Vu k \ n + ul)dx- [ u n k dx = \ 
J B/j J M. n \Bx J B s 



re 1 

(--;.. 



where lim lim e k (5) = 0. 

By ()3.9|) in Lemma 13.51 we have 

/ n ^ 
e^ kU k dx = \B p \ , 

for any p < 5. Furthermore, on B p we have by (|4.1I) 



re^T , 1 , , „.— 

Cfc 



n log J n 
< n ™- 1 _ 

fc (n - IK 



Then we have 



/rc /• ~~ =T 

e^^ds < 0(5~ n ) lim lim / e A "fc dx^\B p \0{5 

B p \B Lrk L^+oo k^+oo J B p \B Lrk 

Since u' k — > on B$ \ B p , we get 



lim / (e^'fc^ - = 0, 



then 

/n 
Bs\B L r k 

Letting p — > 0, we get 

/ re 
(g/^fe"- 1 _ \)dx = 0. 

So, we have 

/ n 
(gA^- 1 _ 1)^ < e 1 + 1 /2+-+l/(n-l)| S(5 |_ 
Br r , 
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Now, we fix an L. Then for any x £ -Bz> fc) we have 



0kU 



n-l 
k 



0k( 



l|Vu fc || L n( BiS ) ■ 



) — ( \Vu k \ n dx)- 



\Vu k \ n dx)- 



^ u k\\L n (B s ) ■ 

(using that u k {8) = 0{—^-) and || Vu k \\L™(B s ) = 1 + ) 



i 

71 — 1 



AK + n fc (<5)+0(^ r ))"-i (/ \V Uk \ n dx) : 



1 + 



n ^fcffl _ 1 G(5)+e k {5) 



It is easy to check that 



u' k {r k x) _^ 
c k 



and (u' k fax)) u k (5) -> G(6) 



So, we get 



lim lim / (eW 



l)dx = lim lim e ^G(5) (e 13 ^"' 1 - l)dx 

L^+oofc^+oo J B 

< e Q„G(<5) g l+l/2+-+l/(n-l) 

n 

_ e a„(-^log5"+A+0(5"log"<5)) e l+l/2+-+l/(n-l) 

n 



Letting <5 — » 0, then the above inequality together with Lemma EH] imply Proposition 11.31 



5 The test function 1 

In this section, we will construct a function sequence {u e } C H 1,n (K n ) with ||ii e ||#i,n = 1 which 
satisfies 

/ $(a n \u e \ ^)dx > 

J R n 



u n-\ q n A+l+l/2+-+/l(n-l) 

1 



for e > sufficiently small. 
Let 



u f = < 



■;?. 



g (n-l)log(l+ Cn |^|^T)+A e , , < 



a„C* 



G(\x\) 
— ~r~ 



la; I > Le , 



where A € ,C and L are functions of e (which will be defined later, by (I5.1JI . (|5.2|) . (|5.5|) j which 
satisfy 
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i) L — > +00, C — > +00, and Le — > 0, as e — ► ; 

n 

-\ r< (n-1) log(l+c n L^)+A. _ G(Le) . 

nj <^ 1 — 1 j 

iii) -► 0, as e -> . 

We use the normalization of u e to obtain information on A e , C and L. We have 
/ (|Vu e | n + <)dx = \VG\ n dx+ f G n dx) 

J K. n \B Lt J B c^ J B c^ 

/f)C 
G{Le)\VG\ n - 2 ^dS 
dB Lc dn 

G(Le) - G(Le) [ G^dx 



and 



f \Vu e \ n dx = U \_ [ 



n 

n-1 [^ Ln - X 



du 



a n C—^Jo {1 + uY 

n 

n _l fCuL^T ((1 + ^ _ 1)n _! 



n-1 ^C^^-l)"- 1 ^ 



<*„C* frj n - * - 1 

n — 1 n 1 

+ x lo g(l + Cn^"" 1 ) + 



n — 1 

— (1 + 1/2 + 1/3 + • • • + l/(n - 1)) 



+ 71 _g_ log(l + C n Ln-l ) + 0( ^ _„_ ) , 

anC™- 1 L n ~ 1 C n - 1 



where we used the fact 

n-2 



\ = H 1 1 

n — k — l 2 n-1 

fc=0 



It is easy to check that 

f \u e \ n dx = 0((Le) n C n log L) 

J Br. f 



B L 

and thus we get 



/ (|Vu e | n +u n e )dx = ^{ -(„-i)(i + i/2 + ... + l/(n-l)) +a n A 

+(n - 1) log(l + cL— 1 ) - log(Le) n + <f>j , 
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where 

cj) = ((Le) n C n log L + (Le) n log™ Le + L^) . 
Setting J Rn (\Vu e \ n + v%)dx = 1, we obtain 



(5.1) 



a n C^ = -(n - 1)(1 + 1/2 + ■ • • + l/(n - 1)) + a n A + log Q±gs*gzE£_ _ l og6 " + 
= _( n -l)(l + l/2 + ... + l/(n-l)) +a n ^ + log^ -loge ri + . 

By ii) we have 

n n 

q„C»-i - (n - 1) log(l + c„L«-i ) + A e = aG(Le) 

and hence 

-(n - 1) (1 + 1/2 + • • • + l/(n - 1)) + a n A - log (Le) n + + A e = aG(Le) ; 
this implies that 

A e = -(n - 1)(1 + 1/2 + • • • + l/(n - 1)) + (/> . (5.2) 

/ re 
e a ^ Uc ^ dx . 
B L e 

n 

Clearly, ip(i) = |1 — 1\ + is increasing when < t < 1 and decreasing when t < 0, then 

re n 

|l_t|^>l__ f j when |t| < 1 . 



Thus we have by ii), for any x € Bi e 



1 - 



(n-l)log(l + c„|f|n-i)+A e 



> an c^r(i-^-("- 1 )^ 1 + c "Jfl"- 1 ) + A '). 



(5.3) 



Then we have 



/ n /* n n 

e »n\u.\^ dx > / e a n C"-i-nlog(l+c n |f |H=T)__^_A E 



n f n 
= fnC^-^A. f "-^—dx 

Jb l (1 + c„|x|™-!) n 

n 

n rc n L ri ~ 1 

Jo (l + «) n 

n 

^ChSt- » a., ^ „ r L "" ((« + !)-!) 



n-2 



= e """ ^ le (n-l)e"/ " y ^ 

= e a n C7^- T ^ T A £e n (1 + 0(i --^ )) 
= a; "- 1 e a„A+l+l/2+-+l/(ra-l) 

n 

+ O ((Le)"C n log L + L^r + (Le) n log n Le) . 
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Here, we used the fact 



Then 



m ( i \m—k 



k=0 



1)' 



-a 



i 



m-k + l m m + 1 



/ $(a n «r 1 )dx > ^zi e «nA+l+l/2+...+l/(n-l) +G ( ^n c n { L + L ^ + log n L \ _ 



Moreover, on R n \ Bi t we have the estimate 



a 



n— 1 



$(a n u £ " _1 )dx > t— ^ 



and thus we get 

^(a n uf= I )dx > ^ e «»A + l+ 1 /2+... + l/(n-l) 



/ 


G(x) 







/ 


G(x) 


' R n \B Lt 





dx + 0[ (Le) n C n log L + L~ + (Le) n log n Le 



U; "- 1 c QnA+l+l/2+-+l/(n-l) 



+ 



(n-l)l C*' 



We now set 



|G(z)|"da; + 0((Le) n C n+ ^logL ' ( ' ' '™ 



Ln-l 



+ C—{Le) n log n Le 



L = — log e 



(5.4) 
(5.5) 



then Le — ► as e — > 0. We then need to prove that there exists a C = C(e) which solves 
equation (|5.1|) . We set 



/(t) = -a„t^ - (n - 1)(1 + 1/2 + ■ • • + l/(n - 1)) + a n A + log ^ - loge n 

n 



Since 



for e small, and 



/(( loge n )^) = loge n + o(l) + </><0 



/((--!- loge™)^) = -I loge" + o(l) + > 

2d!n 2 



for e small, / has a zero in 
satisfies 

Therefore, as e — > 0, we have 



((-2^ r loge n ) 2 ^ i ,(- 7 | r loge n )^ ). Thus, we defined C, and it 
a„C7^ = -loge n + 0(l). 
logL 



0, 
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and then 



n —n 



(Le) n C n+ — log L + C^L^ {Le) n log™ Le -» 0. 

Therefore, i), ii), hi) hold and we can conclude from (|5.4|) that for e > sufficiently small 



§(a n Ue 1 )dx> 



Un - X c «nA+l+l/2+-+l/(n-l) 
n 



6 The test function 2 

In this section we construct, for n > 2, functions u e such that 



*(a n (n — ir )™- 1 ) rfa; > T"^ 



n— 1 



\Ue\\m^ 



n-l)\ ' 



for e > sufficiently small. 

n 

Let e n = e - a » cH=T , and 



c \x\ < Le 

-n log f 



< '"""^ Le < \x\ < L 

L < \x\ , 

where L is a function of e which will be defined later. 

We have 



[ |Vu e | n = 1, 



and 



/ 



u?dx 



u) n -i w„_in n L 



n r n /• 1 



-c n (Le) n + 



n p n — 1 



r n log™ rdr. 



Then 



u t ,^ dx > < 1 f Rn <dx | off /r»\B£. 



n 2 
. n— 1 



(n-1)! 1 + / Hn «?da; n! (1 + J Rn n "a!x)^ 



a™" 1 a n_1 



(n-1)! (n - 1)! 1 + ^ c n( Le )n + "n-in^" f 1 r n-l l og n rdr 



a" w 



j it ; v Ltn ; 

nl ( 1 + ^ c n( Le )n + ^-i^f" f 1 r n-l log « rrir 



We now ask that L satisfies 



C n-1 



0, as e — > 0. 



(6.1) 
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Then, for sufficiently small e, we have 



aVT 1 1 

+ 



(n - 1)! 1 + ^ c n( Le )n + f 1 r n-l log « rdr 

n 2 2 2 

^a n w„_iL n /c(^ ri F(^)^r e i r n - 1 log^r 



n! 



1 + ^ c «(Le)« + a, - in : L " f 1 r™" 1 log" rdr ) n_1 



> B x L n ~^ -B 2 - 



L n 

„2 



_0_ 2n T 

Qn-l Ij n-1 



(£?i -g- - B 2 ) 



QTL—l J_j n ~ 1 

-(-Si — ^ S2) 



where B\, B 2 are positive constants. 

1 

When n > 2, we may choose L = bc n ~ 2 ; then, for & sufficiently large, we have 
Si -g- S 2 = Si ft^"" 2 ) - £ 2 > , 

C n-1 

and (6.1) holds. Thus, we have proved that for e > sufficiently small 

/it rv n ~l 
R" lFe||_ffl."(R«) (n— IJ! 
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